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Abstract

An innovative and pioneering method is further investigated and studied for the approximation of
the non-linear singular integro-differential equations defined in Banach spaces. Hence, the
collocation numerical approximation method is applied for the approximation of such type of non-
linear equations, by using a system of Chebyshev functions. Beyond the above, through the
application of the collocation numerical method is investigated the existence of solutions for the
system of non-linear equations used for the approximation of the non-linear singular integro-
differential equations, which are defined in a complete normed space, i.e. a Banach space.
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1. Introduction

Several problems of engineering mechanics, like structural analysis, fluid mechanics and
aerodynamics, are reduced to the solution of non-linear singular integral and integro-differential
equations. Hence, there is an increasing interest for the solution of such type of non-linear integral
equations, since these are connected with a wide range of problems of an applied character. The
theory of non-linear singular integral and integro-differential equations seems to be particularly
complicated if closely linked with applied mechanics problems.

Having in mind the implications for different problems of engineering mechanics,
E.G.Ladopoulos [1]-[12] and E.G.Ladopoulos and V.A.Zisis [13]-[15] introduced and investigated
non-linear singular integral equations and non-linear finite-part singular integral equations. This
type of non-linear equations has been applied to many problems of structural analysis, fluid
mechanics and aerodynamics.

On the contrary, some studies have been published, investigating non-linear integral equations
of simpler form, without any singularities. Among the authors who studied non-linear theories used
in applied mechanics, we mention the following: J.Andrews and J.M.Ball [16], S.S.Antman [17],
[18], S.S.Antman and E.R.Carbone [19], J.M.Ball [20] - [22], H.Brezis [23], P.G.Ciarlet and
P.Destuynder [24], P.G.Ciarlet and J.Necas [25], [26], J.E.Dendy [27], Guo Zhong-Heng [28],
H.Hattori [29], D.Hoff and J.Smoller [30], W.J.Hrusa [31], R.C.MacCamy [32] - [34], B.Neta [35],
[36], R.-W.Ogden [37], R.L.Pego [38], M.Slemrod [39], and O.J.Staffans [40].

By the present study a new computational method is further improved, for the numerical
evaluation of the non-linear singular integro-differential equations defined in Banach spaces.
Hence, a new form of the collocation approximation method is investigated for the numerical
calculation of the non-linear singular integro-differential equations, by studying the existence and
uniqueness for their solution. For the numerical evaluation of the non-linear singular integro-
differential equations which are defined in the Banach spaces, is used a system of Chebyshev
functions continuous on [- z,z|. Consequently, through application of the collocation method the

existence of solutions for the system of non-linear equations used for the approximation of the non-
linear singular integro-differential equations is investigated.
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2. Existence Theorems of Non-linear Singular Integrodifferential Equations

Definition 2.1
Consider the non-linear singular integro-differential equation:

FlA,t,u(t), S(u,t)|=u'(r) (2.1)

with:

S(u,t)zig(t) j ux gy (2.2)

-7 tan{; (x— t)}

where u(x) is the unknown function, g(t) a known function, (-z<t<z) and
F[A,t,u(t), S(u,1)] is the non-linear kernel.

Definition 2.2

Let C; (- 7,z]z,) denote the set of functions u(t) satisfying a Lipschitz condition on the
interval [-z,z], which satisfy equation u(z,)=0 and for which the period p(r)u'(r) is
continuous on the above interval, where p(t) is some nonnegative function defined on [—72', 72']
such that the integrals:

a(t)=|[(/p(&))d¢ (2.3)
and:
=— E g(t)lncos;t/sm (&—-p)||d& (2.4)
exist.

By introducing the norm  [u(¢)| = max|p(t)u'(t)] into C, (- =, z}z,), it becomes a complete
normed space, and thus a Banach space.

Theorem 2.1
Consider the nonlinear singular integro-differential equation (2.1). Besides, concerning
F[A,t,u,v] we assume that the function p(r) F[A,1,u(r), S(u,t)] is continuous on [-7,7] for

u(t) e CL ([-7,7}t,), has continuous partial derivatives with respectto u and v with the other
arguments fixed, and satisfies the inequalities:
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pa(@)|F,[A.t,a)&,b0)x] < £, (4.]&) )
(2.5)
POBO|F, [At,a0)é,b(0)x] < £, (A.]¢] o)
in the region {—rSu,vSr,—ﬂ'<t<7r}(O,rSoo), where f,(4,[&,|x) and f,(4,|&],|x]) are

nondecreasing functions of | and |x].
Consider further that f(4,r)<g with 0<g<1,0<r<oo. Then, for any initial function
Up(t) €U, = {u(t): Ju)| <r}, the sequence:

w, ()=S,(Au,,t) (n=01.2,.) (2.6)

converges to the unique solution u*(t)ec;([—ﬂ',ﬂ'],to) of the non-linear singular integro-
differential equation (2.1).

Proof. We replace f(A4,7) by two terms as follows:
fA0)=fi(At, )+ [, (4,t,1) 2.7
and consider the following equation:
f(A,Pr+h*(A)=r (2.8)

where:

h*(2) = max |p(t)F(4,1,0,0)
—r<t<m

Besides, the operator S, (4,u,,,t),n=0,1,2,... in (2.6) shall be of the form:

Su,0) = [ Fla. & u(@). 1w, 6)]d& (2.9)

and u,(¢) isagiven function. Hence, on the basis of the study in [10] the theorem can be proved.

If f(4,7,)<q, where 7, isaroot of (2.8), then for any initial approximation u,(#*)inU, ,

the sequence (2.6) converges to the unique solution u.(r) € C,, ([z.~z}t,) of (2.1). Also:
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w, (1) 1. (1)) <9 50 (2.10)
1-¢

on [z, z], where:

5(t) = a(ey max|p(O{F A, 1,y (1), 1o, )] —us O <t < 7).
3. Collocation Approximation - Non-linear Singular Integro-differential Equations

Theorem 3.1
Consider the non-linear singular integro-differential equation (2.1). Suppose that the function
F[A,t,u,v] has continuous partial derivatives with respect to u and v, which for p(r)>0 on

[z, 7] satisfies (2.5) in the square u,v e[-r,7| and suppose that f(A,r)<g<1 with f(1,r)
given by (2.7).

Additionally, consider the system of non-linear equations:
H(v,,&)=0 (=12, m) 3.1)

where H(v, &)=V (&) —-F[ALE v, (&) I(v,.E)] & =&  are fixed distinct points in
[z, 7] with:

t

. @, (x)
V = d y :1,2,... 3'2
L= [ 2 e m (2)

ly

in which {p, (x)} is a given system of Chebyshev functions which are continuous on [z, z].
Then the system of non-linear equations (3.1) has a solution u, (t) in
U, = {u(l) Ju()] < r},o <r <o which approaches the unique solution «" () of (2.1) as m — .

Proof. According to (3.1) consider the equation:
H, (u,,)=0 (3.3)

where H, (u,,,t) isa function of the form:

H,(u,.t)= p(Ou, ()= v, (Op(€)FIA.& u, (£).1(,.&)]

P (3.4)
u,(®=0,y,(5)=9;
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and 0, is the Kronecker delta.

Moreover, consider the existence of a solution of (3.3). Thus, we use an interpolation process of
the form (2.6), which in connection with this equation, may be written as:

ufnnJrl) (t) — Sm (l,uf,,n) ,t) (]’l = 0,1,2,---) (35)

where:

dx
(

PENFILE P @D 1, &) (3.6)
p(x)

t
S, (Aul,n=Y j v, (@)
i=1
Ty

and «'”(¢) is a given initial function.

It can be therefore shown that, under the same assumptions under which we proved Theorem
2.1, for any two functions u,(r) and u,(¢#) belonging to the ball U, ={u(t) :||u(t)||£r}, the

following inequality norm of C),([-z,z}¢,) is fulfilled:

S, (Aurty, 1) = S, Ay O S A, £ Ay () = 10, (0] (3.7)
where:
A =supi|l//[(t)|, —-n<t<rxw (3.8)
and:
FA, t,uy (0), I(uy,0)] = FA,t,u, (1), I(u,,1)]
1
~ 5 O O) Lt 0,10 + 9)
-1
1
I LURUEY ()| AP REORNER T
with:

V(D) =§(1 + Oy (1) + %(1 — Euy (1) (3.102)
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v (&, z):%(H:)S(uz,n%(l—@swl,r) (3.100)

As the derivatives F, [A,z,x,1(u,,t)] and F,[A,t,u,(¢),x] are continuous in x, then (3.9) can
be written as:

F[ﬂ,,t,uz (@), I(”z»t)]_ F[ﬂ,t,ul(t), I(”lat)]
= F, [ 601(6,0, 12,0 Jus (0=, (0)] (3.11)

+ F [ tyu, (0),v, (&, O (uy 1) = T(uy,0)]

where —1<¢&,¢&, <L& =&(4,0.5, =5, (4,1).

Then, as |u(r)| <a()|u| and [I(u,0)|<b()|u|, where a(t) and b(t) are determined by the
given function p(t) and because (2.5) is true, (3.7) is true, too.

Furthermore, if 4, <1, then the operator (3.6), acting from C; (-7, 7}t,) into the same

space, is a contraction operator, and therefore (3.3) will have a unique solution u, (¢) in the ball

U,, to which the sequence {u,(:)(l)} will converge as n—o for any initial function
u® ) eU,.

By using the same method as for ,(¢), we are taking a linear combination of the functions
{Fk (t)}(k =12,..,m) and, so (3.3) and its solution u, (#) can be written as following:

H,, @, t)=pOu, ()= a,p,6)=0 (3.12)
k=1
and:
"0=Yd’ tg”k(x)d 3.13
0, ;amkjp(x) x (3.13)

fy

where a,, are determined numbers. By the same way u, (t) will be a solution of (3.1), for
p(éi) #0(=12,.,m).

Besides, it is possible to put F, (t) =y, (¢),(k =12,...,m) . We use further the Feier interpolation
process Q, (&) (m=12,.) on the interval [—ﬂ,n]defined for a given function f(&) by
0,(£) =), 0,(E)=0,(k=12,.m),  where & =¢&,, =mcos(2k—1)/2m)rare the
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Chebyshev nodes, i.e., the &, are the zeros of the polynomial of degree m which differs at least
from zero in the uniform metric space on [z, z]:

n_m
I

Ve COS(7Z' cos™ (&/ 72')) (3.14)

T,(S)=

Furthermore, the interpolation polynomial Q, (&) has the following form:

0, = W (/&) (3.15)
k=1
where:
277 &) |
l//k(et){m} (” —e”s‘k) (3.16)

and 4, =1 for this.

We will further show that, as m — oo, the approximate solutions u, (#) converge in the form
of C}([~77}t,) toasolution of (2.1).

Hence, we introduce the notation:

b

7, =sup|S,(A,u,t) = S, (A,u,1)

u—u*HSa) (3.17)

or:

7, =supmax|rm(u,t),Hu—u*HSa),—ﬂStSﬂ (3.18)

where:

1 (u,0) = pOF[A,,u(0), Sw,0]- Y v, (O p(ENFIA &, u(E), S, &)]  (3.19)

i=0

Additionally, since 7, (u,t)=r, (u ,t)+r, (u,u ,t) where:

m m
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v’ )= H(u,u" 1) — iz//i (OHu,u", &) (3.20)

i=0
and:

Hu,u' 1) = pO[F[Atu(0), S, 0]]- FlA..u” (0), S@”" ,1)] (3.21)

follows that for u(t) and « (r) in U, ={u(t):||u(t)||£r}:

(0] <8, (B, 0) =8, (4,0 1)

max
—r<t<m

Sy, O, Gote-SGu" | 6 <27 P[4, (3.22)
i=0

is valid, where &, — o and m — .

Furthermore, under the conditions that |u|<r and HuHSr we can take @ to be 2r and,

therefore, follows that », <2 f(4,r)w+¢,, , i.e., these numbers are bounded for all m.

m

Because of the convergence of the Feier interpolation process [41] in the class of continuous
functions, for any fixed function u(¢),r, (u",¢) and the remainder r, (u,u",t) approach zero on

[-7,7] as m->. Also, the remainder r, (u,u",) also converge uniformly to zero with

respect to function u(t) belonging to the U, = {M(t) Hu - u“ < a)}

*

Besides, for fixed t in [-z,7z] and u(t) in U
two groups: S'(u) and S”(u), assigningto S'(u) those k for which |&, —#/<&, and to

we split the set of numbers 1, 2,..., m into

®

S"(u) the remaining ones. Then we have 7, (u,u”,t)=S,(t)+S,(t), where:

$,(0= Y [Htuu' )= HE w0

keS! (u)

and: $,(0= S |HCuu")=HE uu )y, () (3.23)

keS™ ()

Because of the continuity of H(t,u,u”) on [-z,z]:
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S0 Dwie<e) yi()=¢ (3.24)
=1

keS! (u) k

is valid and in this ¢ can be arbitrarily small for small values of J;.

Additionally, if keS”(u), then by taking into account the explicit form of , (r) and the
inequalities 0 <z’ —¢&, <27* and |T,, ()| <z"/2"", we have:

AM7r?

mo?

1S, ()| < (3.25)

where M is the largest value of H(t,u,u”) intheset {te[-7z,zlucU,}.

Furthermore, the inequalities (3.24) and (3.25) are valid forall —z<¢<z and u(f)eU, . So,
r, >0 as m—>oo.

As u"(t) is the unique solution of (2.1) in U,, follows that this equation does not have any

solutions in the ring gguu—u*uga), for 0<e<w, i.e. thereexists an a(s,0)>0 such that
=S, (Lu,0)]2 a(e,8) for e<|u-u’|<s5.

In this ring therefore for any:
u(t),|pe =S, (A,u, 0|2 |ju =S, (A, u,0)| = ||S, (A, u, )= S, (A, u, )| is valid, and for sufficiently large

m, |S;(A,u,t) =S, (A,u,t)|<r, <a(¢,6) and hence |u-S,(A,u,t)|>a(e,6)-r, >0 for

large m. Hence, follows that the u, (r) of (3.3) cannot be in the ring gg‘

u—u*HSé' and,

therefore Hum —u*H <&, where ¢ is positive and arbitrary, which finally proves Theorem 3.1.

4. Conclusions

The present investigation was devoted to a study of new approximation methods for the solution
of the non-linear singular integro-differential equations, defined in closed-normed spaces, i.e.
Banach spaces. This was an exposition of the conditions of applicability of the method of
collocation to those non-linear equations and for the convergence of the method.

Besides, a system of Chebyshev functions was used in the collocation approximation method for
the investigation of the existence of solutions for the system of non-linear equations applied for the
numerical solution of the non-linear singular integro-differential equations. Closed-form solutions
of such type of non-linear equations are not possible to be determined, because of the big
complication of their term. So, they are approximated only by special numerical methods.

Thus, the collocation approximation methods can be used for the numerical solution of non-
linear singular integro-differential equations defined in general problems of structural analysis,
fracture mechanics, fluid mechanics, potential flows, aerodynamics, turbomachines, etc. of great
importance.

20



E.G. Ladopoulos

References

10.

11

12.

13.

14.

15.

16.

17.

18.

19.

20.

21

22.

23.

24.

25.

26.

27.

28.

Ladopoulos E.G., ‘Non-linear integro-differential equations used in orthotropic shallow spherical shell
analysis’, Mech. Res.Commun., 18 (1991), 111-119.

Ladopoulos E.G., ‘Non-linear integro-differential equations in sandwich plates stress analysis’, Mech.
Res. Commun., 21 (1994), 95-102.

Ladopoulos E.G., ‘Non-linear singular integral computational analysis for unsteady flow problems’,
Renew. Energy, 6 (1995), 901-906.

Ladopoulos E.G., ‘Non-linear singular integral representation for unsteady inviscid flowfields of 2-D
airfoils’, Mech. Res. Commun., 22 (1995), 25-34.

Ladopoulos E.G., ‘Non-linear singular integral representation analysis for inviscid flowfields of
unsteady airfoils’, Int. J. Non-Lin. Mech., 32 (1997), 377-384.

Ladopoulos E.G., ‘Collocation approximation methods for non-linear singular integro-differential
equations in Banach spaces’, J. Comp. Appl. Math., 79 (1997), 289-297.

Ladopoulos E.G., ‘Non-linear multidimensional singular integral equations in 2-dimensional fluid
mechanics analysis’, Int. J. Non-Lin. Mech., 35 (2000), 701-708.

Ladopoulos E.G., ‘Non-linear singular integral equations in elastodynamics, by using Hilbert
tranformations’, Nonlin. Anal., Real World Appl., 6 (2005), 531-536.

Ladopoulos E.G., ‘Unsteady inviscid flowfields of 2-D airfoils by non-linear singular integral
computational analysis’, Int.J. Nonlin. Mech.., 46 (2011), 1022-1026.

Ladopoulos E.G.,” Singular Integral Equations, Linear and Non-Linear Theory and its Applications in
Science and Engineering ', Springer, New York, 2000.

Ladopoulos E.G.,’Computational Recipes of Linear & Non-Linear Singular Integral Equations &
Relativistic Mechanics in Engineering & Applied Science’, Volume I, Nova, New York, 2015.
Ladopoulos E.G.,’Computational Recipes of Linear & Non-Linear Singular Integral Equations &
Relativistic Mechanics in Engineering & Applied Science’, Volume II, Nova, New York, 2015.
Ladopoulos E.G. and Zisis V.A., ‘Non-linear singular integral approximations in Banach spaces’, Nonlin.
Anal., Th. Meth. Appl., 26 (1996), 1293-1299.

Ladopoulos E.G. and Zisis V.A., ‘Existence and uniqueness for non-linear singular integral equations
used in fluid mechanics’, Appl. Math., 42 (1997), 345-367.

Ladopoulos E.G. and Zisis V.A., ‘Non-linear finite-part singular integral equations arising in two-
dimensional fluid mechanics’, Nonlin. Anal., Th. Meth. Appl., 42 (2000), 277-290.

Andrews J. and Ball J. M., ‘Asymptotic behaviour and changes of phase in one-dimensional nonlinear
viscoelasticity’, J. Diff- Eqns, 44 (1982), 306-341.

Antman S.S., ‘Ordinary differential equations of nonlinear elasticity I: Foundations of the theories of
nonlinearly elastic rods and shells’, Arch. Ration. Mech. Anal., 61 (1976), 307-351.

Antman S.S., ‘Ordinary differential equations of nonlinear elasticity II: Existence and regularity for
conservative boundary value problems’, Arch. Ration. Mech. Anal., 61 (1976), 352-393.

Antman S.S and Carbone E.R., ‘Shear and necking instabilities in nonlinear elasticity’, J. Elasticity 7,
(1977), 125-151.

Ball J.M., ‘Convexity conditions and existence theorems in nonlinear elasticity’, Arch. Ration Mech.
Anal., 63 (1977), 337-403.

Ball J.M., ‘Discontinuous equilibrium solutions and cavitation in nonlinear elasticity’, Phil. Trans. R.
Soc. Lond., A306 (1982), 557-611.

Ball J M., ‘Remarques sur l'existence et la régularité des solutions d'elastostatique non-linéaire’, in
Recent Contributions to Nonlinear Partial Differential Equations, p.p. 50-62, Pitman, Boston, /981.
Brezis H., ‘Equations et inéquations non lineaires dans les éspaces vectoriels en dualite’, Ann. Inst.
Fourier, 18 (1968), 115-175.

Ciarlet P.G. and Destuynder P., ‘A justification of a nonlinear model in plate theory’, Comp. Meth.
Appl. Mech. Engng, 17 (1979), 227-258.

Ciarlet P.G. and Necas J., ‘Injectivité presque partout, autocontact, et noninterpénétrabilité en élasticité
non linéaire tridimensionnelle’, C. R. Akad. Sci. Paris, Sér I, 301 (1985), 621-624.

Ciarlet P.G. and Necas J., ‘Injectivity and self-contact in non-linear elasticity’, Arch. Ration.
Mech.Anal., 97 (1987) 171-188.

Dendy J.E., ‘Galerkin's method for some highly nonlinear problems’, SIAM J. Num. Anal.,14 (1977)
327-347.

Zhong-Heng Guo, ‘The unified theory of variational principles in nonlinear elasticity’, Arch. Mech., 32
(1980) 577-596.

21



29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

39.

40.
41.

E.G. Ladopoulos

Hattori H., Breakdown of smooth solutions in dissipative nonlinear hyperbolic equations, Q. Appl.
Math., 40 (1982), 113-127.

Hoff' D. and Smoller J., ‘Solutions in the large for certain nonlinear parabolic systems’, Anal. Non Lin.,
2 (1985), 213-235.

Hrusa W.J., ‘A nonlinear functional differential equation in Banach space with applications to materials
with fading memory’, Arch. Ration. Mech. Anal., 84 (1983), 99-137.

MacCamy R.C., ‘Nonlinear Volterra equations on a Hilbert space’, J. Diff- Eqns, 16 (1974), 373-393.
MacCamy R.C., ‘Stability theorems for a class of functional differential equations’, SIAM J. Appl.Math.,
30 (1976) 557-576.

MacCamy R.C., ‘A model for non-dimensional, nonlinear viscoelasticity’, Q. Appl. Math., 35 (1977), 21-
33.

Neta B., ‘Finite element approximation of a nonlinear parabolic problem’, Comput. Math. Appl., 4
(1987) 247-255.

Neta B., ‘Numerical solution of a nonlinear integro-differential equation’, J. Math. Anal. Appl., 89
(1989), 598-611.

Ogden R.W., ‘Principal stress and strain trajectories in nonlinear elastostatics’ 0. Appl. Math., 44 (1986),
255-264.

Pego R.L., ‘Phase transitions in one-dimensional nonlinear viscoelasticity: admissibility and stability’,
Arch. Ration. Mech. Anal., 97 (1987), 353-394.

Slemrod M., ‘Global existence, uniqueness and asymptotic stability of classical smooth solutions in one-
dimensional, nonlinear thermoelasticity’, Arch. Ration. Mech. Anal., 76 (1981), 97-133.

Staffans O.J., ‘On a nonlinear hyperbolic Volterra equation’, SIAM J. Math. Anal.,. 11 (1980), 793-812
Natanson LP., ‘Theory of Functions of a Real Variable’, Ungar, New York ,7/961.

22



