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Abstract 
In this paper, nonlinear mixed integral equation (NMIE) of type Hammerstein - Volterra integral 
equation (H- VIES) of the second kind, under certain conditions, are considered.  The Hammerstein 
integral term is considered in a variable space with continuous kernel; while the Volterra term in time. 
A quadratic numerical method is used, to obtain a system of Hammerstein integral equations (SHIEs) 
of the second kind. In addition, the modified Taylor's method is applied to obtain a nonlinear 
algebraic system (NAS). Moreover, the NAS is solved numerically and the error estimate, in each 
case is computed. 
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1. Introduction 

 
Consider the NIE of the second kind: 

0
( , ) ( , ) ( , ) ( , , ( , ) ) ( , ) ( , ) .

b t

a
x t f x t k x y t y y t dy F t x d                   (1.1) 

The above formula (1.1) is called H- VIE of the second kind. The Hammerstein integral term is 
considered in variable space with continuous kernel , while the Volterra integral term is 

considered in position with continuous kernel

( , )k x y
), [0,t T( , ]; 1.F t T  

))t,

 The constant   defines the 

kind of integral equation, while   is a constant, may be complex, which has a physical meaning. 
The two functions x(,x,t(and)t,x(f  are known and continuous with its derivatives, 

while the function )t,x( is unknown. If in (1.1) ( ,t , (x x t, ) ) ( , )x t ,   we have the 
Fredholm-Volterra integral equation (F-VIE). 

The discussion of F-VIE of the first kind in one, two and three dimensions, with its applications 
in the contact problems, was stated in [1]. In [2], [3], the author used asymptotic numerical 
methods to obtain the solution of F-VIE of the second kind. In [4], the relation between the three 
dimensional contact problem, in the theory of elasticity, and F-VIE was considered and the 
solution of the IE was obtained. In [5], the spectral relationships of the F-VIE of the first kind and 
V-FIE, when the kernel of position takes a generalized potential form, are discussed and obtained. 
More information for the physical meaning of the kernel ),t(F  in (1.1) and the following V-FIE 

  
0

( , ) ( , ) ( , ) ( , ) ( , ) ,
t b

a
x t f x t k x y F t x dyd                                 (1.2)   

can be found in [4], [5]. 
 In recent years, numerous works have been focusing on the development of more advanced and 

efficient methods for the linear versions of (1.1) and (1.2). The spline collocation method [6] and 
the iterative method [7] were introduced for obtaining the approximation solution. In [8], a 
technique based on Homotopy analysis method, is used, for solving V-HIEs of the first kind, while 
Abdou et al. [9] reduced V-FIE of the second kind, with discontinuous kernel to a system of FIEs 
using Toeplitz matrix method and Product Nyström method. In [10], the two-dimensional Bernstein
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operational matrices method, is applied to solve (1.2), while in [11], Dastjerdi et al. used the radial 
basis function approximation for numerical solution of mixed V-FIEs.  

Let, in Eq. (1.1), ( , ) 0, 0,F t t    to get  

 
b

a

dy))y(,y()y,x(k)x(g)x( , 

  .)y(,y())0,y(,y,0(,)x(g)0,x(f,)x()0,x(                                     (1.3) 
 
The integral equation (1.3) is called HIE of the second kind. For the continuous kernel of HIE 

and , we follow the work of some authors who solved (1.2) numerically. Lardy, in [12], 
used product Nyström method; Kumar, in [13], used discrete collocation–type method. Hacia, in 
[14], [15] discussed the existence and uniqueness of solution of SHIEs in a Banach space and used 
projection iteration method to solve (1.3), respectively. In addition, Kaneko and Xu, in [16], used 
the degenerate kernel method to discuss the solution of (1.3) Bannas and Emmanuelle in [17] and 
[18], [19], respectively, studied the HIE of the second kind in 

]1,0[x

,]1,1[L1  where their analysis 
depended on the technique of noncompactness. In [20], Bugajewski proved the uniqueness 
theorems for bounded variation solution and continuous bounded variation of Hammerstein and V-
HIEs in a Banach space. Abdou et al. in [21], used Toeplitz matrix method to obtain numerically 
the solution of HIE with discontinuous kernel.  

In addition, In [22], Taylor polynomial method has been applied to obtain the approximate 
solution of V-FIEs. On the other hand, in [23] applied new basis functions for approximating the 
solution of nonlinear VFIEs via direct method is applied. In addition, the matrix based method,  the 
homotopy perturbation method and the modified homotopy perturbation method have been applied 
for approximating the solution of nonlinear VFIEs in [24], [25] and [26], respectively. The relation 
between the H-VIE and the contact problem, in the theory of elasticity was discussed in [27], [28] 
and many applications were stated. More information for some different methods to solve integral 
equations, numerically and its applications in engineering  can be found in Ladopoulos [29]-[32]. 
     In order to guarantee the existence of a unique solution of (1.1), we assume the following 
conditions: 
(i) The kernel   has m, n derivatives with respect to x, y, respectively. )]b,a[]b,a[(C)y,x(k 
(ii) The kernel of time ( , ) [0, ] , 0 1 ,F t C T t T    

,
  is a positive continuous function, 

and satisfies ),( MtF   M is a constant, .]T,0[,t   

(iii) The given function with its partial derivatives with respect to position and time are 

continuous in the space and its norm is defined as: 

)t,x(f

]b,a[L2 ,]T,0[C

)tan(,),(max),(
0

2

0

2
1

],0[],[2

tconsaisHHddxxftxf
t b

a
TtTCbaL










  
  . 

(iv) The known continuous function ))t,x(,x,t(  satisfies, for the constants   and 

  , the following conditions:  
1AA 

2AA 
       

  1
2

2
1

0
0

max ( , , ( , )

t b

t T
a

 
( , )x x dx d    

 

 
   
  
  A x t(a) 

 

(b)  ,)x()x()x,t(N))t,x(,x,t())t,x(,x,t( 2121                                                                       

where  

1
2

, 0,2

2
2

0
0

( , ) max ( , ) .
L a b C T

t b

t T
a

N t x N x dx d A 
        

 
   
  
   
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In the remainder part of this paper, a numerical method is used, in (1.1) to obtain SHIEs of the 
second kind in position. Moreover, the modified Taylor's method is used to obtain the numerical 
solution of SHIEs, where NAS is obtained. The existence and uniqueness of solution of the NAS 
are discussed and proved. Finally, two examples are stated to explain the method. 

 
2. System of Nonlinear Integral Equations 

(2.3) (2.4)   
 To obtain SHIEs, we divide the interval 0 1t T as   0 10 ... ,Nt t t T      when 

it t ,  The Volterra integral term of (1.1), in this case, after using the quadrature 

rule formula (more information is found in [33, 34]), takes the form: 

0,1,2,..., .i  N

j

 


 
it

0

i

0j
i

1P
ijjiji )0p,0(,)(O)t,x()t,t(Fud),x(),t(F            (2.1) 

where,  1
0
max , .i j j j

j i
h h t t

 
 

The values of the two constants and p depend on the number of derivatives of the function 

with respect to t. For example, if , then we have  and 

ju

),t(F  ]T,0[C),t(F 3 ip,3p 

.)i, )(O 1P
i
0hu,h

2

1
u,h

2

1
u jjii00  j(  Here,  is the order of sum errors of the 

numerical method of dividing the interval [0, T], and the difference between the integration and 
summation, where the error is determined by:  

00

( , ) ( , ) ( , ) ( , ) .
it i

i i j i j
j

E F t x d u F t t x t    


  j                                                          (2.2) 

Using Eq. (2.1) in (1.1) and neglecting  , we get:  )(O 1P
i


 
b

a

iiiii )N,...,2,1,0i(,)x(gdy))y(,y()y,x(k)x( .                                 (2.3)                     

Here, we used the following notations: 
1

, ,
0

, ( , ) ( ) , ( ) ( ) ( ) , ( , ) ( );

( , ( )) ( , , ( , )) (2.4)

i

i i i i i i i i j i j j i i
j

i i i i

u F x t x g x f x u F x f x t f x

x x t x x t

      

   





     





   
Hence, the formula (2.3) represents SHIEs of finite unknown functions ( )i x corresponding to 

the time interval ,Tt...tt0 N10   and depending on the number of derivatives of 

 with respect to time t for all values of]T,0[in),t(F   . 
The recurrence relations can be used to obtain the solution of the system (2.3). For this, at i = 0 

we have: 

 
b

a

0000000 .))x(f)x(g(,)x(gdy))y(,y()y,x(k)x(                    (2.5) 

3. Modified Taylor's Method  
 

In this section, we develop the Taylor expansion method to obtain numerically the solution of 
(2.5). The Taylor expansion for solving IE had been presented by Kanwal and Liu [35] and then 
this had been extended, by Sezer, to VIE and Volterra differential equations; see [36] and [37], 
respectively. 

Here, the technique is based on differentiating both sides of the IE n times. Then, substituting 
the Taylor polynomial for the unknown function in the resulting equation and later, transforming to 
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NAS.  The existence and uniqueness of solution of the NAS are considered, and then the solution 
of the system will be obtained. . 

Consider the solution of (2.5) takes the form:  

))b,a(c,x(;)cx(.)c(
!n

1
)x( 0

n
00

)n(
0

r

0n
0  



  .                                   (3.1) 

This is a Taylor polynomial of degree r at 0cx  , where  are 

coefficients to be determined. 

,r,...,2,1,0n,)c( 0
)n(

0 

To obtain the solution of (2.5) in the expression form (3.1), we first differentiate both sides of 
(2.5), n times with respect to x, to get: 

( ) ( )
0 0 0 00 0

( , )
( ) ( ) ( ); ( ) ( , ( )).

b n
n n

n
a

k x y
x y dy g x y y

x
      

  
 0 y                        (3.2)  

Then, we put in  (3.2), and substitute Taylor expansion  for 0cx  )y(0 , to have:  

,)()()( 0
)(

0
0

0
)(

00
)(

00 cgckc n
r

m

m
mn

n  


                                                     (3.3) 

where:  

0

0
1 ( , )

( ) ; ( 0,1, 2,... )
!

b n
m

n m n
x ca

k x y
k y c dy m

m x 


  

 .N                                       (3.4) 

The quantities in Eq. (3.3), with the aid of [32] can be found in the form:  ( )
00 ( ) ,m c

  ,
!

)c(
...

!2

)c(

!1

)c(
))c(,c(

!t...!t!t

!m
)c(

p21

p21

p21

t

0
)(

0

t

00

t

00
)h(

ht...tt
mt...t2t

0000
p21

0
)m(

0 






 







  







  

 





 (3.5) 

where are positive integers and zeros . p21 t,...,t,t

If we take then (3.3) represents NAS of ,N,...,2,1,0m,n  )1N(   equations for the (N+1) 

unknowns   as following: ,)c( 0
)(

0 ...,,)c(,)c( N(
00

)1(
00

)0 

.)N,...,2,1,0n(,)c(g)c(k)c(
N

0m
0

)n(
00

)m(
0mn0

)n(
00 



                                  (3.6) 

In order to guarantee the existence of a unique solution of the NAS (3.6) firstly, we the lemma: 
 
Lemma 1 
If the kernel of (2.5) possess continuous partial derivatives of all order with respect to the 

variable  in an open neighborhood 

)y,x(k

x )b,a()c,c( 00  , then there exists a small constant E 

such that: 

(1)              ,Ek
2
1

N

0n

N

0m

2

mn 






 
 

 

where,  

.1;
!m

dy
x

)y,x(k
)ab(E

2
1

0

N

0m

2mN

0n

b

a

2

cx
n

n


































 

















  
 

 

Proof 
In view of the formula (3.5) we have: 

.dy)cy(
x

)y,x(k

!m

1
k

2

m
0

b

a cx
n

n
2

mn

0 















 


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Applying Cauchy-Schwarz inequality and summing from 0n,m   to , the above 

inequality for each 

Nn,m 
)c,c(y 00  can be adapted in the form: 

 
1

2 221
2 2

0 0 0 0
0

( , )
( ) .

!

n mbN N N N

n m nn m n ma x c

k x y
k b a dy

mx


   

   

                      

E           (3.7) 

Theorem 1 
Under the condition (1) of Lemma 1, and the following conditions: 

(2) 

1
2

2( )
00

0

( ) , ( tan ) .
N

n

n

g c G G is a cons t


 
  

 
  

(3)  The known functions for the constants  satisfy ))c(,c( 000
)n(

0  21 QQ,QQ 

(3.a)  ,)c(Q))c(,c(
2
1

2
1

N

0n

2

0
)n(

01

N

0n

2

000
)n(

0 
















 



 

(3.b) 

1 1
2 2

2 2( ) ( ) ( ) ( )
0 0 0 0 0 0 2 0 00 0 0 0

0 0

( , ( )) ( , ( )) ( ) ( ) .
N N

n n n n

n n

c c c c Q c c     
 

  
    
  
  
 






 

the NAS (3.6) has a unique solution. 
 
Proof 
 
To prove the theorem, we write the NAS (3.6) in the operator form:  

( ) ( ) ( )
0 0 0 0 0 0

0

1
( ) ( ) ( ),n n nL c g c L c


                                           (3.8) 

Where: 

( ) ( )
0 0 0 0 0 0

0 0

( ) ( , ( )) , ( 0,1,2,..., ),
N

n m
n m

m

L c k c c n N
  
 

                           (3.9) 

Lemma 2 
Under the conditions (1) – (3), the operator  L  defined by (3.6) maps the space  into itself. 2

 
Proof  

Let  be the set of all functions  )c( 0
)n(

00   in , such that 2 .
2

0 


 Define the 

norm of the operator 0L   in  by: 2
1
2

2

2( )
0 00

0

( ) .n

n

L L c




 
  
 
 




                                                                 (3.10)                          

From (3.8) and (3.9) , we get : 
2

( )
2 00( ) ( )

0 00 0
0 0 0

( )
( ) ( , ( )) .

n N
n m

n m

m

g c
L c k c c

 
 



 
   
  

 0 0  

Applying Cauchy-Schwarz inequality, then using the conditions (3), and summing from 0n   to 
 , we obtain: Nn 

1
2

1 1 1
2 2 2

2
( )

2 20 20( ) ( )
0 00 0

0 00 0 0 0

( )
( ) ( ) .

nN N N N
n m

n m

n n m m

g c
L c Q k c

 
 

   

                                 

     
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The above inequality, after applying Cauchy-Schwarz inequality, using the conditions (1), (2), and 
letting , takes the form:  N 

22
0 1 0 1

0 0

,( ).
G

L
 

 
    



Q E                                                            (3.11) 

In view of the inequality (3.11), the operator L maps the set  into  itself , where:  

.
]QE[

G

0 
                                                                                 (3.12) 

Since 0, 0,G    then 1 1. 
L

 In addition, from the inequality (3.11) , we can deduce the 
boundedness of the operator  , where:  

2 2
0 1 0 .L   

 

                                                                                    (3.13) 

Moreover, the inequalities (3.12) and (3.13) involve the boundedness of the operator L . 
 
Lemma 3 

Under the two conditions (1) and (3-b) , L  is a contraction operator in the space  .2

Proof 

Let   )c( 0
)n(

00   and   )c( 0
)n(

00   be any functions in the space then in the light 

of  formulas (3.8) and (3.9), we obtain:  

,2

.))c(,c())c(,c(k)c(V)c(V

2

000
)m(

0000
)m(

0

N

0m
mn

0

2

0
)n(

00
)n(

0 












 


 

Applying Cauchy-Schwarz inequality, then summing from 0n   to   , and using the 
conditions (1) , (3-b) , the above inequality takes the form:  

Nn 

1 1
2 2

2 2( ) ( ) ( ) ( )
0 0 0 0 1 0 0 0 0

0 0

( ) ( ) ( ) ( )
N N

n n m m

n m

L c L c c c    
 

  
    

  
 





. 

Finally, as  , the last inequality reduces to  N

22
0 0 1 0 0 .L L      



                                                                           (3.14) 

Inequality (3.14) shows the continuity of the operator L  in the space , then 2 L  is a contraction 

operator under the condition  1 1.    Hence, by Banach Fixed Point Theorem L  has a unique 
fixed point which is  the unique solution of the NAS (3.6).                   
   It is obvious that as , the system of NIEs (3.3) is equivalent to the integral equation (1.1), 
and consequently the solution is the same.  

N

 
4.  Applications 

  In this section, we apply the MTM to solve the NIE of H-VIE of the second kind.  
Example1. Consider the H-VIE of the second kind: 

 
21

2 2

0 0
( , ) ( ) ( , ) ( , ) ( , ).

t
x t x y x y y t dy x d f x t          2{ ( , ) 1 }.x t x t           (4.1) 

 
The free term ( , )f x t after using the exact solution, yields: 

2 2 2 2 35 1 8 4 1 1 1
( , ) [( ) ( ) (1 )]

6 2 105 15 3 2 3
f x t t t x t t x t t t           

In Table1, for    0,0.9 , 0,0.4 ,x t   the numerical computational results of the exact and 

approximate solution of (4.1) are calculated. In addition, in Figure 1, the relation between the exact 

solution and the numeric solution for all  0,1 , [0,1)x t   is computed. 

 26
  



R.T. Matoog 
 

Example 2: Consider the H -VIE of the second kind 

 
1 3

3 3

0 0

1
( , ) ( , ) ( ) ( , ) (1 ) { ( , ) }.

3

t
x te

x t y t dy t x d t e e x t e        
       

 
  x t  (4.2) 

The exact and approximate solutions of (4.2) are obtained numerically in Table 2, and Figure 2, 

with different values of    0,0.9 , 0,0.4 .x t   It can observe from the table that: The error is 0 

for  at .  The approximate solution is nearly coincident with the exact solution for  
at each value of x in the table. 

0t  0x  0t 

 
Table 1 

4 0.4 4( ) ( )E N
r t rx x  3 0.3 3( ) ( )E N

r t rx x  2 0.2 2( ) ( )E N
r t rx x 

 

 0 0.0 0( ) ( )E N
r t rx x  kx 

0.9999995 -0.9999996 -0.9999997 -099999998 -0.9999999 -0.9999999 -1.000 -1.000 0.00 

-
0.9999993 

-0.9999993 -0.9999993 -0.9999994 -0.9999994 -0.9999995 0.99999 0.99999 0.08 

-
0.9999987 

-0.9999988 -0.9999989 -0.9999990 -0.9999990 -0.9999991 -0.99999 0.99999 0.1 

-
0.9999966 

-0.9999967 -0.9999998 -0.9999969 -0.9999970 -0.9999971 0.999997 -0.999997 0.2 

-
0.9999953 

-0.9999955 -0.9999955 -0.9999956 -0.9999956 -0.9999957 0.999995 -0.999995 0.4 

-
0.9999926 

-0.9999927 -0.9999927 -0.9999928 -0.9999929 -0.9999930 0.999993 -0.999993 0.6 

-
0.9999915 

-0.9999915 -0.9999916 -0.9999917 -0.9999917 -0.9999918 0.999991 -0.999991 0.8 

-
0.9999911 

-0.9999911 -0.9999912 -0.9999912 -0.9999913 -0.9999913 0.999991 -0.999991 0.9 

In Table 1 we calculate the analytical and approximate solution at different times. 
The relation between the exact solution and the numeric solution is obtained. 
In Table 2, and Fig. 2, the analytic and approximate solution are computed at time t=0, 
t=0.2, t=0.3 and t=0.4 for x[0,0.9]. 

Table 2 

 

4 0.4 4( ) ( )E N
r t rx x  3 0.3 3( ) ( )E N

r t rx x  2 0.2 2( ) ( )E N
r t rx x  0 0 0( ) ( )E N

r t rx x   kx 

1.0000009 1.0000009 1.0000009 1.0000009 1.0000009 1.0000009 1.0000 1.000 0.00 

1.0000004 1.0000005 1.0000006 1.0000006 1.0000006 1.0000007 1.0000008 1.0000008 0.01 

1.0000096 1.0000096 1.0000097 1.0000098 1.0000098 1.0000099 1.0000001 1.0000001 0.4 

1.0000084 1.0000085 1.0000086 1.0000087 1.0000088 1.0000089 1.0000089 1.0000090 0..5 

1.0000074 1.0000074 1.0000075 1.0000076 1.0000077 1.0000078 1.0000079 1.0000079 0.6 

1.0000063 1.0000064 1.0000065 1.0000066 1.0000067 1.0000068 1.0000069 1.0000070 0.8 

1.0000052 1.0000052 1.0000053 1.0000054 1.0000055 1.0000056 1.0000057 1.0000058 0.9 
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5. Conclusions  

 
From the above discussion and results, we can deduce the following: 
1- We consider a general mixed integral equation in the nonlinear form, in time and position. 
2- Most the integral equations in the references are considered special cases of this paper. 
3- The modified Taylor's method is considered as the best methods to obtain the solution of the 
NMIE with continuous kernel, numerically. 
Future work 
In future work, the solution of the general form of MIE in the nonlinear form will be considered, 
especially, when the kernel of position takes the discontinuous form. 
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