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Abstract
Here, the solution of the mixed integral equation (MIE) of the first kind in the space

Lz[ Q ]xC[ 0,7 ],T <1,is established in the form of spectral relationships (SRS), using three

different analytic methods, depending on the domain of integration Q. Also, Q is considered in the

y|<oo,z <0},and{w/x2 +y*<a,z =O}.

The position kernel is considered in the form of potential function. The importance of SRS in
mathematical physics and in contact problems, depending on the domain of integration and the
harmonic degree of the potential kernel, is explained. Most works of the previous authors in this
domain are considered, now as special cases of this work. Moreover, many new SRS are
established and many special cases are considered.

forrn:Qz{ |x|<oo,

y|<a,z >0}, {0<x < o0,
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1. Introduction

Singular integral equations of the first kind have received considerable interest in mathematical
literatures, because of their many field of applications in different areas of sciences, see [1]-[5].
The solution of these equations can be obtained analytically using Cauchy method [6], potential
theory method [7], [8], orthogonal polynomials method [9], Fourier transformation method [10]
and Krein’s method [11]. While, for the singular IES of the second kind, where the analytic
methods often fail, we use numerical methods such as: Galerkin method, fast method, block by
block method, Nystrom method and Toeplitz matrix method. The interested reader should consult
the fine expositions for the numerical methods in [12] - [15]. Many spectral relationships with its
applications in the contact problems and mathematical physics, for the FIE with discontinuous
kernels are obtained and discussed in [16-20].

Consider the MIE of the first kind
Lo ([ =)k (x =&,y —n)@(&n,7)d gdnde = 70(y (1) - g (x.¥)) = f (x.¥.t)

k(x =&y —m=|(x =& + (v -0y | 5 [0=G(1-v)"] (L1)
under the dynamic condition

jQ<D(x,y,t)dx dy :P(t), te[O,T],T <1. (1.2)

The IE (1.1), under the condition (1.2), can be investigated from the contact problems of rigid
surface (G, v) having an elastic material occupying the domain £, when the stamp is impressed into

an elastic layer surface of equation g (x ,V ) by a variable known force P (t ), t E[O,T ],T <1,
whose eccentricity of applicatione (t), that case rigid displacement 7(t). Furthermore, G is the

displacement magnitude; v is the Poisson’s coefficient. The unknown function q)(x, y;t)
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represents the resultant of the normal stresses between the stamp and the elastic layer. The given
function F' Qt - T|) represents the resistance force of the elastic material in the contact domain Q

through the time £.
In order to guarantee the existence of a unique solution of (1.1), under the condition (1.2), we
assume the following conditions:

(1)  The kernel of position k(x—f, y —77) satisfies in L, (Q) the discontinuity condition

{ngz(x - &,y —n)dxdﬁdydn};=A, (A is aconstant).

(i)  The given functionf’ (x , Y ,t) €L, (Q) x C [O,T ]; T <1.

(iii) The kernel of time F Qt — 2'|) eC ([O,T ] X [O,T ]), is positive and continuous with its
derivatives and satisfies F' Qt - T|) < B, B is a positive constant, for all Valuest,fe[O,T ] )
Also, ¥(r)eClo,T].

(iv) The unknown function <I>(x, y ;t) satisfies Holder condition with respect to time and

Lipcshitz condition with respect to position.
To obtain SIEs, we divide the interval [0,7], as O0=1¢, <?, <...<t, =T , where

t=t,, £=0,1,2,..,N ,then the MIE (1.1) takes the form

5’7 "5"”7 —f, (x,¥). (1.3)

o] //’.[\/ )z

So, we used the followmg notations ®(x,y;t,) = P, (x,y ), F( ,

J)=F.,. F(0)=0,
h;,

and the constant p depend on the

f(x,y:t,)=f,(x,»). Also we neglected the error term ofO(hf'”), where /, = max

0<j<l

(h; =t,, —t;). The values of the characteristic numbers U

J J

number of the derivatives of F' (|t —T|) with respect to the time ¢z, see [12, 13].
Besides, the condition (1.2) yields:

J.Q®[(x,y)dx dy =P, (1.4)

The formula (1.3) represents SIEs of the first kind with potential kernel and its solution depends on
the domain of integration 2 and the condition (1.4).

Additionally, in the remainder part of current research, we establish and discuss three main
theorems for SRs of the SIEs of the first kind with potential kernel, using suitable methods
depending on the domain of integration. These methods depend on the domain of integration Q. In
addition, in certain domain of integration, the Weber-Sonien integral formula can be established.
Moreover, many important special and new cases especially, when the kernel takes the logarithmic
form, Carleman function and elliptic function form are established and derived from this work.

The importance of this work, will lead directly to obtain the solution of any singular IE of the
second kind, using the suitable theorem.

2. Potential Theory Method

Theorem 1
In terms of Mathieu functions and Macdonald kernel K, || of zero order, where the domain of

integration isQ), = {(x,y,z) €Qi—0<x <o,

}; the SRs of SIEs (1.3),

under the condition (1.4) are:
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. Ce, |cos™ =,—q u,F, F, k, (0,—q) .
u; /lj \Eaz 52 j|K0(06|§—x|)d§: Z j};’ejknj((),—q) Cenj[COslx;’_qJ

Jj=0

Proof
By using the potential theory method [7, 8], to discuss the solution of (1.3), under the condition

(1.4) in the domain Ql , we introduce the simple layers potential of densities @ ; (x, y) distributed

over the domain Q:
(cf n)d gdn
—n) +z’
The functions U g( ,V,Z ), {=0,1,2,...,N are harmonlc everywhere except in the domain Q
and its vanish at infinity as N R - (N{ are constants , 0 =1,2,....N; R =x>+y’+z7).

Moreover the functions U, (x ,V,Z ) are continuous in all space including the domain Ql and its

@.1)

X,y,z) Zu, i IQ\/

normal derivative takes the form:

(GUZJ :{iﬂq)é(x,y), (x,y)te, 22
z—>0

oz 0 (x,y)te.

By forming the two formulas (1.3) and (2.1), we can set the following boundary condition:

U/(x,y;O)zf[(x,y), (x,y)eQ] (2.3)

From the above we deduce that the solution of the SIES (1.3) is equivalent to the BVP (2.1)-
(2.3) of determining the harmonic functionsU, (x ,V,Z ) . Therefore, we use the following Fourier

integral transformations, see [21]:
x)=[ @, (x.y)edys f(ax)=] S (xy)e' dy, 2.4)

and the Macdonald kernel of zero order, see[22]

cos ay dy

Ky (el - &)= To2r 25)

where a is the Fourier parameter, and K 0 q . D is the Macdonald kernel, to get:

/mIK (alx - &)@, (a,&)dé =1, (a.x) (2.6)

The formula (2.6) represents SFIES that can be reduced, by using potential theory method, to
the following BVP:

o’U, o'U
> T 2
ox 0z

L-aU,(ax,z)=0, (xeQ,z #0); U,(a,x,0)=f,(a,x)
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Jo it
0z

oU, (a,x,+0) | Fa¥juF, @ (ax), |x|<a, =012,...N
0 |x|>a

2.7
and

Ula,x,z)=YuF, [ K[ V(x §)z+zz}d>j(/1,§)d§

By using the following local coordmate system x, z in the elliptic cylindrical coordinates of
(2.7):
x =acosh £ cosn, z =asinh Esing, (0<7<27,0<& <), (2.8)

we obtain the following BVP:

o’U 82U ’ .
PR —“2‘ (cosh2¢ - cos2)U, =0, £=0,1,2,...,N
(Ué, (a,x,z)=U,(a,a cosh& cosn,a sinhé siny) =U, (a,f,n))
2.9)
and: U, (a,0,n7) =f,(a,acosn), f,(a,x ) =f,(a,acosn.cosh&); U, (@,£,0) =
while the second formula of (2.7) becomes:
Zu} L@, (a,acosn) = maﬁ—? o (for all values of 776[0,27[])
(®,(ar,x ) = @, (a,a cosh & cos 77)) (2.10)

The formula (2.10) is called the equivalent condition between the differential system and the
integral system in the potential theory method, see [18].

To solve the BVP (2.9), we expand the function f, (a,a cos 77) to a uniform convergent series
of periodic Mathieu function, see [23]:

2 2

/. (a,acosn) Z;/l/ ., (m=q), [0<n<2m; q:a4a]. (2.11)

Then, assume the solution of (2.9) in the formU} (0{, ¢, 77) =V, (cf)W[ (77) By following the

general method of theory of Mathieu function [22], the solution of the BVP (2.9) takes the
following form:

(CZ{:?]) l” Fk (59_Q)Cew (779—4) (2.12)

The coefficients 7, are found from the set of infinite system:

Vis . 0, (Sai )Ce,{ (Oa_Q)
, )=—"—, (T, (s.i)= . 2.13
’/1/ +§,,Z(:) sn (n F;/kn (f,—C]) ( In (S Z) F;fk[(O,—q) ) ( )

where )/;, are the coefficients of expansion of the function (2.11).
Differentiating (2.12) and using the result in (2.10), we obtain:
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Zuj L@, (a,acosn) Ce, (1.—q) (2.14)

jn (O’ _q )
By using (2.14) in (2.6), we arrive to the theoremln

3. Orthogonal Polynomials Method

Consider the following domain{(x ,V,Z )EQZ 0<x <o, —0<y <mw,z < O} , then the
SIEs (1.3), under the condition (1.4), yield:

d d
Zu/ MII \/ 577 5 L ) _fé(xﬂy) 3.1
-7
under the condition
j I qD X,y dxdy P, (3.2)

Theorem 2

In terms of Chebyshev- Laguerre polynomials Li, () , Macdonald function K, || of order zero,
and the domain €, ; the SRs of SFIES (3.1) under the condition (3.2) are given in the form:

) L_%(Zu) i _xl(n, +3),
,//Io o(a —v|)——=— e du—ZuJFM/Ie L} (2v)[/1m— NIER] J

(n=012,0=0,1...,N).
Proof
By using the potential theory method is very difficult and may fail. Thus, our aim is
constructing the general solution of the SIEs (3.1), under the condition (3.2), using orthogonal
polynomials method. For this, we use the following Fourier integral transformation:

G(a,x):J.

—0

o0

G (x.y)e'™ dy. (3.3)
So, the SIEs (3.1) and the condition (3.2) yield:

Zl:“z Fo [ Ko(pe=v))®,00)dv =g, (1), (0<u<o;£=012..,N);  (34)
i [, (w)du = M,

(3.5)
Here, K o 18 the Macdonald kernel. In addition, using the following notations| a |x =u,

u u
als v wio)=0 1] 6=
relations:

(i)  Expansion formulas, see [23]

], P, (a) = M,, and the following
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Y, (u)= Jue™ nianﬂLj (2u), g,(u)= Jue™ ’éogmLi (2u),
Jr

TS L)L () (3.6
n=0

K0(|u —V|) - e

where {B ", } are unknown coefficients to be determined later, while { g, } are known coefficients
that can be known from the orthogonal relation (3.7).

(i)  Orthogonal relation, see [22]
0 m, #n,

G ()L ) an { e a)

(). m,=n,

(iii))  Algebraic relations

()Vu L (2u ):ﬁ[(n + D)L (2u)~(n+1) L7, (2u )},(See Eq.230f [23,p.190])

@ L' (w)=L)(u)-L) (), (ueR") (3.8)
(iv) Integral formulas (Eq. 4 of [22.p.208] for o = é =-0)
G, =[ye™ Ly ()L} () dv, mn=012,.. (3.9)
oG oL L(m+3)(n+1)

" 27 22T (m + ) (n + )T (m —n + 1)
where [ () is the gamma function.
By using the above relations (i) — (v), then Theorem? is proved.

4, Krein’s Method

In the theory of elasticity and contact problems, Krein’s method is considered as one of the best
method for solving the singular integral equation, where the singularity disappears and the integral
equations can be solved directly without singularity, see [11]. Consider the SIES:

.Z&:qu/.,é,jQV[ ®, (f,zn)d.fdn - =fé,(x,y),Q3={(x,y,z)ng/x2 +y’<a,z =0}.
N

4.1)
under the condition:

IQ}J(D,{(X,_)/)CZ’X dy =P 4.2)

Principal of Krein, see [11]: The unique solution of FIE of the first kind with singular kernel
takes the form:

O)= St o Pl ()b fo(e)S a3 Lﬁ)% [ () () |
_%J':lew(x'(’:)) U_“aq(y’u)df (v )]du, (|x| <a). 4.3)

where:
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d

M) = [ g(v.u)dy. ()= M(a)
u
and q(y, a) is the solution of the IE:
I_ k(x, »)q(v.a)dy = 1 (44)

Theorem 3

SRs of SFIEs (4.1) under the condition (4.2) in the domain of integration

Q, = {(x,y,z)le«/xZ +y’<a,z = 0} are given by the form:

(m=3) (1 _ 9 42 ,‘
i FL k, (r.p)P 0 (1-2p%)dp s ”/FMP( )(1_2r2)
0 \/l—pz Zo

where, Pn(a’ﬂ ) (x ) are Jacobi polynomials, and &, (r, p) is Weber- Sonien integral kernel.

Proof
In this aim, we use in (4.1) and (4.2) the polar coordinatesx = » cos 0,

y =rsinf; & = pcosy, n = psiny,tohave:

’ p®,(p.v)dpdy =
= fi{r,0), (4.5)
; leI \/ +p° —2rpcos(t9 l//) l( )
.[0 Lﬁpd)é P H)dpé’ =P, (4.6)
Here, we used the general notation, Z, (x , Y ) =7 (r cos @, rsin 9) (r 49)

In order to separate the variable, we assume CT), (r,0)= - (r)cosm H,f,{ (r,H)zfmﬁ (r)cosm 0,

then after following the same way of [11, 19], we arrive to the following relations:

20 it J, /IO m, (I" p) m, ( )dp fm, ( ) (47)
I 1
!p‘l’z(p)dp= 2 b (4.8)
The Weber-Sonien integral formula takes the form, see [16]:
k,(r.p)=2xrp .[ojm (tp)J, (tr)dt (4.9)

where J () is the Bessel function of the first of order m and m is called the harmonic oscillator

of the kernel.
The formula (4.7) represents SFIES of the first kind, under the condition (4.8).

By using the following relations, see [22, 23],
- P, (x)=C,,(x)=P" 7 (2x* -1)
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I(n+a+1)(A)T(u)
F(l + a)F(/i + ,u)n!
X JFy(-n.n +a+ B+ 1,4 + 1,1 + u5); (see Eq. (7.392), pp. 856 of [23])

Et“ (=Y PP (1=t )dt =
2-

3. dPn(a’ﬂ) (_x ) _ (l’l +0{+ﬁ+1jpn(fl+l,ﬂ+l) (x ) ,
dx 2
where, P, (x ),C: (x ),Pn(a’ﬁ) (x ),F(x) and ,F, (a,b,c;a;ﬂ;z) are, respectively Legendre

polynomials, Gegenbaur polynomials, Jacobi polynomials, gamma function and generalized

hypergeometric series. And assuming f (S ): P (\/1 -5’ ) in (4.7), we can directly proof the

2m]-

theorem. Where sz, ( y ) are the Legendre polynomials .

5. Special Cases

We are in a position to consider many special and new cases. In Figs. (1-4) we consider some
special cases for the Weber-Sonien integral formula (4.9) when the harmonic m takes different
values:

Fig.3, m=0.1 Fig.4, m=150

Case (1): When m = 0, the kernel (4.9) is called the complete elliptic integral. The importance of
this kernel came from the work of Covalence [24], who developed the FIE of the first kind for the
mechanics mixed problems of continuous media and obtained an approximate solution of FIF with
a complete elliptic kernel.

The corresponding SIES of theorem 3, for m=0, are:
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é u+v é F j . P 1 2
u. = U, y
=0 jr .0 l—uz =0 jl (217/[])” 2m/( )
.1
2/
Here, £ ( ld ] is the elliptic function, while P, (x )is the Legendre polynomial.
u+v

Case (2): Let, in the potential kernel (4.9) m = * ; , we have SFIESs of the first kind with the

logarithmic kernels. In this case, the spectral relationships take the following form:

7rln2z u.F P() m,=0

OJJI

!
DduF,,| In— T (u)du= , (5.2)
=0 J- m; ﬂ.z/ Y /m/ ( )

where, T’ m (x ) is the Chebyshev polynomial of the first kind of order m .

Case (3): By using the following relations, (see [23, Eq. 398 P. 1044]):

v 2
(1) 11rnv—)O ( )anz (X) = ZTm (x)
1 . 1 v
(i) In—— =lim__, - —1 , 0<v<l,
=]
we obtain the following SRS for the Carleman function:
4 1 sz ( ) d
Zu/}?jlj. : —~ = Z Jil 2m 2m (V) a(m_/ 2 O)’ (53)

Jj=0

H(1-u)

where , 4,, = (Zm +v)[l"(2mj +l)l“(v)cos777v]1 (n>0),

Here, [’ () is defined as a gamma function and C ,‘; (x ) are Gegenbauer polynomials.

The kernel |x - y|_v ,0<v <1 is called the Carleman function. The important of Carleman

function came from the work of Arutiunion [25] who has shown that the plane contact problem of
the nonlinear theory of plasticity, in its first approximation reduces to FIE of the first kind with
Carleman kernel.

6. Conclusion and Results
From the above results and discussion, the following may be concluded:
(1) The quadratic numerical method transforms the MIE in position and time to SIES in position.

The SIEs depends on the number of derivatives of F (t , T ) with respect to time
t,te[0, T} T<1 .

(2) The contact problems of rigid surfaces of elastic materials, when stamps of different lengths are
impressed into elastic layer surfaces of strips by variable forces see [17], become special cases
of this work.

(3) The displacement problems of anti plane deformation of an infinite rigid strip with width 2a ,
putting on an elastic layer of thickness /1 is considered as a special case of this work when
t=1, F(l,r) =1, f (x,t)zH and gp(x,l): l//(x) . Here, H represents the displacement
magnitude and ¥/ (x) the unknown function represents the displacement stress, see [8,10].
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(4) The problems of infinite rigid strip with width 2a impressed in a viscous liquid layer of
thickness /I , when the strip has a velocity resulting from the impulsive force

V= Voe_m ,i =~+/—1 ,where V/ is the constant velocity , W is the angular velocity resulting

rotating the strip about z-axis are considered as special case of this work , when [ (t , T ) =

constant and ¢ =1, see [5,10,26] .

(5) In the discussion of (4) and (5), when /i —> o0 |, i.e. the depth of the liquid ( fluid mechanics )
or the thickness of elastic material (contact problem ) becomes an infinite, see [10,26] .

(6) The three kinds of the displacement problem, in the theory of elasticity and mixed contact
problems, which discussed in [5,17,18] ,are considered special cases of this work

(7) The potential kernel (4.9) represents a Weber-Sonein integral formula and it represents a non
homogeneous wave equation

(az . 522ka(r,/?):(a(r)—a(p))km(r, o). a(r):(mz_ i) _—

or’ op
(8) The potential method is suitable to be used in solving the mathematical physics problems in the
domain Q2 = { |x| < o0,

y|<a,z >0},While for the domain Qz{ 0<x <o,

y | <00,z < 0} ,
the orthogonal polynomials are suitable to solve the contact and mixed problems. Finally,

Krain’s method is suitable in the domain € = { Jxl+yi<a,z = O} to solve the

mathematical physics problems.
(9) The SFIEs of the second kind can be solved, directly using the SRS, see [20]

(10) Most the problems of contact and mixed problems in [4, 26] can be solved directly by using
our SRs in suitable domain of integration.

Acknowledgments: I thank Prof. M.A. Abdou for his helpful guidance and advice through this
work.

References

1. Diego T., Lima P., 'Super convergence of collocation methods for class of weakly singular integral
equations', J. Cam. Appl. Math., 218 (2008), 307-316.

2. Kangro R., Oja P., 'Convergence of spline collection for Volterra integral equation', Appl. Num. Math.,
58 (2008), 1434-1447.

3. Anastasia G. A., Aral A., 'Generalized Picard singular integrals, Comp. Math. Appl., 57 (2009), 821-
830.

4.  Aleksandrov V.M., Covalence E.V., 'Problems in the Mechanics of Continuous Media with Mixed
Boundary Conditions', Nuka Moscow, 1986.

5. Abdou M. A., Mustapha O.L., 'Fredholm -Volterra integral equation in contact problem', J. Appl. Math.

Comput., 138 (2003), 199-215.

Muskhelishvili N1, 'Singular Integral Equations', Noordhoff, Netherland, 7/953.

Green C.D.," Integral Equation Methods’, Nelson, New York, /968.

Abdou M. A., Hassan S.4., "Boundary value of a contact problem', PU. M. 4., 5 (1994), 311-316.

Abdou M.A., 'Integral equation of mixed type and integrals of orthogonal polynomials', J. Comp. Appl.

Math., 138 (2002), 273-285.

10. Ladopoulos E.G., 'Singular Integral Equations, Linear and Non-Linear Theory and its Applications in
Science and Engineering', Springer Verlag, New York, Berlin, 2000.

11. Abdou M. A., Ezz— Eldin N. Y., 'Kreien’s method with certain singular kernel for solving the integral
equation of the first kind', Period. Math. Hung., 28 (1994), 143-149.

12. Atkinson K. E., 'The Numerical Solution of Integral Equation of the Second Kind', Cambridge, 1997.

13. Delves L. M., Mohamed J. L., 'Computation Methods for Integral Equations’, Philadelphia, New York,
1985.

14. Linz P., 'Analytical and Numerical Methods for Volterra Equations', SIAM, Philadelphia, 7985.

O %0 N

31



15.
10.
17.
18.
19.
20.
21
22.
23.
24.
25.

26.

R.T. Matoog

Abdou M. A., Mohamed K. I, Ismail A. S., 'Toeplitz matrix and product Nystrom methods for solving the
singular integral equation', Le Mathematical, Lv11 (2002) 21-37.

Abdou M. A.,'Fredholm integral equation with potential kernel and its structure resolvent', J. Comp. App.
Math., 107 (2002), 81-84.

Abdou M. A., 'Fredholm-Volterra integral equation of the first kind and contact problem', J. Appl. Math.
Comput,. 125 (2002), 177-193.

Abdou M. A., Salama F. A.'Volterra-Fredholm integral equation of the first kind and spectral
relationships', Appl. Math. Comput., 153 (2004), 141-153.

Abdou M. A., Abd Al-Kader G. M., 'Mixed type of integral equation with potential kernel', Turk J.
Math., 32 (2008), 83 - 101.

Abdou M. A., Bassem M., 'A main theorem of spectral relationships for Fredholm-  Volterra integral
equation of the first kind and its applications', Math. Meth. Appl. Sci, 33 (2010), 1523-1531.

Sveshnikov A. G., Tkhonov A. N., 'The Theory of Function of Complex Variable', Mir, Moscow, 1982.
Meclachlen N. W., 'Theory and Application of Mathieu Functions', Oxford Press, 1947.

Gradstein 1. S., Ryzhik I. M., 'Table of Integrals Series and Product’, fourth edition, England Academic
Press, 1980

Covalence E. K., 'Some approximate methods solving integral equations of mixed problems', J. Appl.
Math. Mech., 53 (1989), 85-92.

Arutiunion N. K. H., 'A plane contact problem of creep theory', J. Appl. Math. Mech., 23 (1959), 901-
923.

Popov G. Ya., 'Contact Problems for a Linearly Deformable Base', Kiev, Odessa, 1982.

32



