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Abstract
Environmental variables are known to be dependent in space and time. Detecting and modeling
spatial and temporal dependencies of multivariate data are fundamental to many practical
applications. Furthermore, simulation of multivariate random variables are commonly used in
engineering applications such as uncertainty analysis, risk assessment, ensemble forecasting and
decision making among others. By the current research a non-Gaussian copula is used by a nonmonotonic transformations of the Gaussian copula for simulation of spatially dependent random
variables. The non-monotonic transformation is performed using two parameters that express the
anomaly from the Gaussianity. The asymmetry of dependence structures, if exists, can be described
using the copula parameters. Application of this method in physical sciences is then briefly
discussed.
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1. Introduction
Environmental data, particularly weather variables, are known to be multidimensional and thus
require multivariate analyses as well as conditional probability distributions of variables [1]. A
reasonable description of spatio-temporal dependence structure is required for a variety of
engineering applications such as data infilling, interpolation, multi-site weather generators,
stochastic simulation. For example, spatial dependencies of extreme rainfall events over a given
river basins is of paramount importance for predicting occurrence probability of simultaneous flood
events and operational forecasting of river flows. Most engineering decisions are made based upon
associations among environmental variables. Classical families of multivariate distributions are
commonly used for modeling joint probability distributions of several random variables.
Furthermore, classical multivariate distributions such as bivariate normal, log-normal and gamma
are built with a number of model parameters that describe the behavior of each random variable as
well as the joint probability distribution itself. The main disadvantage of such approaches is that
modeling the dependence structure between variables is not independent of the choice of the
marginal distributions [1] [2]. It is worth remembering that the multivariate distribution of multiple
variables expresses not only how each variable behaves individually but also the way in which the
variables behave jointly.
There are diﬀerent parametric and nonparametric methods to describe the dependence structure
[3].The most commonly used method is the well-known Pearson linear correlation coeﬃcient
(matrix). However, Embrechts et al. [4] argued that for reasonable representation of stochastic
dependence, one may need to go beyond the simple linear correlation. As an alternative to the
Pearson linear correlation, nonparametric methods such as Kendall, Spearman and Gamma
correlation can be used [5] [6]. It should be noted that the Pearson correlation is based on normal
assumption and thus, a representative measure of dependence for multivariate normally or
elliptically distributed data [4]. However, environmental variables are not necessarily normally
distributed and thus, linear measure of correlation may not be appropriate. Alternative methods are
required to describe the departure from normality and asymmetric dependencies. The advent of
copulas allows modelers to avoid this restriction. The application of copulas in simulation of
multivariate data, extreme value analysis and modeling dependence structure has become popular
in engineering applications [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [64]
[22] [23]. In the subsequent sections, after a brief review on the theory of copulas, the v-copula
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family is discussed in more detail. Then, simulation using this copula family is explained step by
step. Finally, example applications are briefly reviewed.
2. Copulas
A copula C of n random variables is defined as a multivariate distribution function on the ndimensional unit cube with uniform marginals:
n

C : [0, 1] → [0, 1]
(2.1)
In other words, copulas are joint cumulative distribution functions that describe dependencies
among variables independent of their marginal [3] [26]:
n

(2.2)
C (u1,..., un) = Pr(U1 ≤ u1,..., Un ≤ un)
n
where C is an n-dimensional joint cumulative distribution function of a multivariate random vector
U(U1,..., Un) whose marginals are u[0, 1]. Note that throughout this document, a common
statistical convention is used in which uppercase characters denote random variables and lowercase
characters are their specified variables.
In the theory of copulas, Sklar’s theorem is fundamental to many applications. Sklar [24]
showed that each continuous multivariate distribution F(F1,..., Fn) can be represented with a unique
copula C that can couple multivariate distribution functions to their corresponding marginal
distribution functions:
n

F(x1,..., xn) = C (F1(x1),..., Fn(xn))

(2.3)
n

n

Note that the copula C is unique only if F1,..., Fn are all continuous. Otherwise, the copula C is
uniquely determined on RandF1,..., RandFn [54] [27]. For proof and derivations, interested readers
are referred to Sklar [54]. The Sklar theorem indicates that for multivariate distributions, the
multivariate dependence structure and the univariate marginal distributions can be separated, and
hence, the dependence structure can be represented by a copula independent of the marginals.
Having described the dependencies using a copula, a transformation function can be applied to
each variable in order to transform the marginal distribution into the desired marginal [26]:
−1

n

−1

C (u1,..., un) = F(F (u1),..., F (un))
(2.4)
where F(F1,..., Fn) is the multivariate cumulative distribution function (CDF) with marginals F1,...,
Fn belonging to diﬀerent distribution families. In other words, using the Sklar theorem, one can
simulate random variables with the same probability distribution as that of the input data while
preserving the dependence structure−1of the variables. In the above Equation, for all x in RandF the
following relationship is valid: F(F (x)) = x. It is noted that the independence of n random variable
can also be recognized using copulas. Denote X1,..., Xn be continuous random variables with
diﬀerent or similar
n
n marginal distributions. The random variables X1,..., Xn are said to be
independent if C =Π (X1,..., Xn) [26] [27].
It is important to remark that copulas are invariant to monotonic transformations
of the varin
ables. That is, if X1,..., Xn are continuous random variables with copula C and F1,...,
n Fn are
increasing functions
on RandX1,..., RandXn, then F1(X1),..., Fn(Xn) have the same copula C . Hence,
n
the copula C is said to be invariant under monotonic transformations. In the following, the
aforementioned property of copulas is explored in more detail as it is fundamental to the discussion
in the following chapters. Assume F1,..., Fn to be the distribution functions of X1,..., Xn,
respectively. Consider monotonic transformations
of nthe random variables Ψ(X1),..., Ψ(Xn) with
n
their corresponding marginals G1,..., Gn. Let C and C be the copula Ψ of X1,..., Xn and Ψ(X1),...,
Ψ(Xn), respectively. The strictly increasing property of Ψ indicates that for any x R [27]:
−1

−1

(2.5)
G(x) = Pr (Ψ(X) ≤ x) = PrX ≤ Ψ (x)= FΨ (x)
This is a great advantage in simulation as the Ψ variables may belong to diﬀerent probability
distributions and applying transformation functions may be required to obtain the right marginals.
It is noted that for a joint distribution function of F(F1,..., Fn), for example in Equation 3, the
density function f is obtained by diﬀerentiating with respect to all variables:
n

(2.6)
f (x1,..., xn) = c (F1(x1),..., Fn(xn))( f1(x1),..., fn(xn))
where f1,..., fn are the density functions of the ncorresponding marginals F1,..., Fn and f (x1,..., xn) is
the density function of the joint distribution. c , which is termed as copula density, is basically the
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n

n-th partial derivative of an n-dimensional copula C (for derivations, the reader is pointed to [26]
[27]:
n

n

c (u1,..., un) = ∂n/ ∂u1 · ∂u2 ...∂un C (u1,..., un)
(2.7)
There are many families of copulas developed for diﬀerent practical contexts. Each family of
copulas has a number of parameters to describe the dependencies. The main diﬀerence associated
with diﬀerent copulas is in the detail of the dependence they represent. For instance, various copula
families may diﬀer in the part of their distributions (upper tail/lower tail) where the association is
strongest/weakest. In this study, two elliptical copulas, namely a normal copula and t-copula, as
well as a non-Gaussian (v-transformed) copula are used for simulations. In the following, the vcopula family is discussed in detail. For additional information regarding diﬀerent copula families,
the reader is referred to [26] [3].
3. V-Copula
As mentioned earlier, the v-copula is obtained through a non-monotonic transformation of the
multivariate Gaussian copula. The multivariate Gaussian copula, derived from the multivariate
normal distribution, is perhaps the most commonly used copula family mainly due to its simplicity.
The n-dimensional multivariate Gaussian copula with correlation matrix ρn×n can be expressed as
[26]:
n

−1

−1

Cρ(u1, ..., un) = Fρ (F (u1), ..., F (un))
(3.1)
The v-copula can be derived with the following transformation of the multivariate Gaussian
n
copula (N ) with the mean of zero and unit standard deviation [12]:
Xi = K (Ni - m) if Ni ≥ m
Xi = m – Ni
if Ni < m
(3.2)
where : k and m = copula parameters. This type of copula family was first introduced by Bardossy
and Li [12] for interpolation of groundwater quality parameters and uncertainty analysis. In the
following, simulation of multivariate fields using this copula family is discussed.
4. Application to Geosciences
Simulation of random fields is important for uncertainty analysis of diﬀerent data sets. For
example, there are many satellite data sets [34] [56] that are subject to high errors and uncertainties
[57] [21] [58] [39] [40] [65] [66] [38] [32] [30] [59] [48] [51] [63] [52]. This copula family can be
used to generate spatially dependent random fields for uncertainty assessment (see example
applications in [31] [25]. Currently, satellite data are frequently used for risk assessment, drought
monitoring, precipitation estimation, temperature analysis, etc [62] [37] [45] [47] [35] [42] [36].
One of the main limitations of satellite data is lack of information on the underlying uncertainties.
Providing uncertainty information can substantially improve the use of satellite data in practical
applications.
Uncertainty in climate model simulations, hydrologic models and weather prediction models
have been widely discussed in the literature. One potential application of simulated environmental
variables would be their application for assessing uncertainties in climate, hydrological, weather
prediction models. The simulated fields can be used as input into models to generate an ensemble
of model simulations for uncertainty analysis (e.g., [53]).
In recent years, analyses of climate extremes have become popular in the literature [67] [60]
[44] [55] [61] [29]. However, there exist spatial dependencies between environmental variables that
are often ignored in simulation of extremes. The V-copula can potentially be used to describe the
non-Gaussian dependence for spatial analysis of extremes. Furthermore, copulas provide the
opportunity to model non-linear dependence between hydrology and climate variables.
In addition over the recent years, numerous models have been developed and presented for
simulating weather variables known as weather generators (see [50] [28]). A common limitation of
weather generators is that the point simulations are often independent of each other, and
inconsistent with the natural behavior of environmental//physical variables. For example,
temperature data from two nearby stations are not independent of each other. For this reason, one
needs a model for linking the individual site simulations of weather variables. The presented copula
in this study can be used a way to address this issue.
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5. Summary and Remarks
This study aimed to discuss a non-Gaussian copula-based model for simulation of multivariate
random fields. The model can be used to describe the dependence structure of environmental
variables without the influence of the marginal distribution. The model can then be extended for
conditional stochastic simulation. Unlike many copula families (e.g. Archimedean copulas), the vcopula exhibits theoretical strong dependence for high dimensions. That is, the v-copula gives the
Frechet upper bound (full dependence) for fully dependent variables.
Modeling asymmetrical dependencies among variables is often necessary in practical applications. Elliptical copulas [41] which are based on elliptical distributions (e.g. normal distribution,
t-distribution) cannot describe asymmetries in the dependence structure as their dependencies are
fully symmetrical [33]. The v-copula, however, can be used to model asymmetrical dependencies
through its model parameters. So far, the v-copula family is employed in only few engineering
applications: interpolation [12] rainfall simulation [21]. Further research is required to evaluate the
statistical robustness and reliability of this copula family for practical applications.
References
1.
2.
3.
4.
5.
6.
7.
8.
9.
10.
11.
12.
13.
14.
15.
16.
17.

18.
19.

20.

Genest, C., Favre, A.-C., ‘Everything you always wanted to know about copula modeling but were afraid
to ask , Journal of Hydrologic Engineering, 12 (2007), 347–368.
Dupuis, D., ‘Using copulas in hydrology: Benefits, cautions, and issues’, Journal of Hydrologic
Engineering, 12 (2007), 381393.
Joe, H., ‘Multivariate Models and Dependence Concepts’, Chapman Hall, London, 1997.
Embrechts, P., Mcneil, A., Straumann, D., ‘Correlation and dependence in risk management: Properties
and pitfalls. In: Risk Management: Value at Risk and Beyond’, Cambridge University Press, 2002.
Spearman, C., ‘ The proof and measurement of association between two things’. Amer. J. Psychol., 15,
(1904), 72-101.
Kendall, M., ‘Rank Correlation Methods’. 4th Ed. Griﬃn, 1976.
Kelly, k., Krzysztofowicz, R., ‘A bivariate meta-Gaussian density for use in hydrology’, Stochastic
Environ. Res. Risk Assess, 11 (1997), 17-31.
De Michele, C., Salvadori, J., ‘A generalized pareto intensity-duration model of storm rainfall exploiting
2-copulas’, J. Geophy. Res. Atmos., 108 (2003), 111.
AghaKouchak, A., Bardossy, A., Habib, E., ‘Copula-based uncertainty modeling: Application to multisensor precipitation estimates’, Hydrological Processes, 24 (2010a), 2111-2124.
Favre, A.-C., El Adlouni, S., Perreault, L., Thi´emonge, N., Bob´ee, B., ‘Multivariate hydrological
frequency analysis using copulas’, Water Resources Research, 40 (2004), 112.
Bardossy, A., ‘Copula-based geostatistical models for groundwater quality parameters’, Water Resources
Research, 42 (2006), W11416.1–W11416.12. 10.
Bardossy, A., Li, J., ‘Geostatistical interpolation using copulas’, Water Resources Research, 44 (2008),
W07412.1– W07412.15.
Zhang, L., S., R., Singh, V., ‘Bivariate rainfall frequency distributions using archimedean copulas’,
Journal of Hydrology, 32 (2008), 93–109.
Renard, B., Lang, M., ‘Use of a Gaussian copula for multivariate extreme value analysis: Some case
studies in hydrology’, Advances in Water Resources, 30 (2007), 897–912.
AghaKouchak, A., Ciach, G., Habib, E., ‘Estimation of tail dependence coeﬃcient in rainfall
accumulation fields’, Advances in Water Resources, 33 (2010c), 1142–1149.
Scholzel, C., Friederichs, P., ‘Multivariate non-normally distributed random variables in climate
research introduction to the copula approach’, Nonlinear Processes in Geophysics, 15 (2008), 761–772.
Kuhn, G., Khan, S., Ganguly, A., ‘Geospatial-temporal dependence among weekly precipitation extremes
with applications to observations and climate model simulations in south America’, Journal of Advances
in Water Resources, 30 (2007), 2401–2423.
Shimizu, K., ‘A bivariate mixed lognormal distribution with an analysis of rainfall data’, Journal of
Applied Meteorology, 32 (1993), 161-171.
Serinaldi, F., ‘Analysis of inter-gauge dependence by kendall’s τ, upper tail dependence coefficient, and
2-copulas with application to rainfall fields’, Stochastic Environmental Research and Risk Assessment,
22 (2008), 671-688.
Serinaldi, F., ‘Copula-based mixed models for bivariate rainfall data: An empirical study in regression
perspective’, Stochastic Environmental Research and Risk Assessment, 23 (2009), 677–693.

49

A. Kamali

21. AghaKouchak, A., Bardossy, A., Habib, E., ‘Conditional simulation of remotely sensed rainfall data
using a non-Gaussian v-transformed copula’, Advances in Water Resources, 33 (2010b), 624–634.
22. Kotz, S., ‘Some remarks on copulas in relation to modern multivariate analysis’, International
Symposium on Contemporary Multivariate Analysis and Its Applications, Hong Kong, 1997.
23. DallAglio, G., ‘Frechet classes: The beginnings. In: Advance in Probability Distributions with Given
Marginals’ (G. DallAglio, S. Kotz, and G. Salinetti, Eds.), Kluwer Academic, Dordrecht, 1991.
24. Sklar, A., ‘Fonctions de repartition a n dimensions et leurs marges’, Publications de l’Institut de
Statistique de L’Universit´e de Paris, 8 (1959), 229–231.
25. AghaKouchak, A., Habib, E., Bardossy, A., ‘Modeling radar rainfall estimation uncertainties: random
error model’, Journal of Hydrologic Engineering, 15 (2010e), 265–274.
26. Nelsen, R..’ An Introduction to Copulas’ (Springer Series in Statistics). Springer Verlag, New York 2006.
27. Embrechts, P., Lindskog, F., McNeil, A., ‘Modelling Dependence with Copulas and Applications to Risk
Management’, Department of Mathematics, ETHZ, Zurich, Switzerland, 2001.
28. AghaKouchak, A., Habib, E., Bardossy, A., ‘A comparison of three remotely sensed rainfall ensemble
generators’, Atmospheric Research, 98 (2010d), 387399.
29. Cooley, D., Nychka, D., Naveau, P., ‘Bayesian spatial modeling of extreme precipitation return levels’,
Journal of the American Statistical Association, 102 (2007), 824–840.
30. Gebremichael, M., Krajewski, W. F., Morrissey, M., Langerud, D., Huﬀman, G. J., Adler, R., ‘Error
uncertainty analysis of gpcp monthly rainfall products: A data-based simulation study’, Journal of
Applied Meteorology, 42 (2003), 1837–1848.
31. Germann, U., Berenguer, M., Sempere-Torres, D., Salvade, G., ‘Ensemble radar precipitation -a new
topic on the radar horizon’. In: Proceeding of the 4th European Conference on Radar in Meteorology
and Hydrology ERAD. 2006.
32. Kamali, A., ‘Review of Progress in Analysis of Extreme Precipitation Using Satellite Data’, Open
Transactions on Geosciences, 1 (2014), 23-33.
33. Abdous, B., Genest, C., R´emillard, B., ‘Dependence properties of meta-elliptical distributions. In:
Duchesne, P., Remillard, B. (Eds.)’, In Statistical Modeling and Analysis for Complex Data Problems.
Springer, New York, (2005), 1- 15.
34. Adler, R., C., K., G., P., M., M., Goodman, H.,’ Intercomparison of global precipitation products: The
third precipitation intercomparison project (PIP-3)’, Bulletin of the American Meteorological Society, 82
(2001), 1377–1396.
35. AghaKouchak, A., Nakhjiri, N., ‘A near real-time satellite-based global drought climate data record’,
Environmental Research Letters, 7 (2012), 044037.
36. Arkin, P. A., Joyce, R., Janowiak, J. E., ‘The estimation of global monthly mean rainfall using infrared
satellite data: The goes precipitation index (GPI)’. Remote Sensing Reviews 11 (1994), 107–124.
37. Damberg, L., AghaKouchak, A.,. Global Trends and Patterns of Droughts from Space. Theoretical and
Applied Climatology, 117, (2013), 441-448.
38. Dinku, T., Chidzambwa, S., Ceccato, P., Connor, S., Ropelewski, C., ‘Validation of high-resolution
satellite rainfall products over complex terrain’, International Journal of Remote Sensing, 29 (2008),
4097–4110.
39. Ebert, E., McBride, J. L., ‘Verification of precipitation in weather systems: Determination of systematic
errors’, J. Hydrol., 239 (2000), 179-202.
40. AghaKouchak, A., Mehran, ‘Extended Contingency Table: Performance Metrics for Satellite
Observations and Climate Model Simulations’, Water Resources Research, 49 (2014), 7144-7149.
41. Fang, H.-B., Fang, K.-T., Kotz, S., ‘The meta-elliptica distribution with given marginals’, Journal of
Multivariate Analysis, 82 (2002), 116.
42. Hsu, K., Gao, X., Sorooshian, S., et al., ‘Precipitation estimation from remotely sensed information using
artificial neural networks’, Journal of Applied Meteorology, 36 (1997), 1176-1190.
43. Ebert, E., McBride, J. L., ‘Verification of precipitation in weather systems: Determination of systematic
errors’, J. Hydrol., 239, (2000), 179-202.
44. Katz, R., Parlange, M., Naveau, P., ‘Statistics of extremes in hydrology’, Advances in Water Resources
25 (2002), 1287-1304.
45. Kuligowski, R., ‘A self-calibrating real-time goes rainfall algorithm for short-term rainfall estimates’, J.
Hydrometeor., 3 (2002), 112-130.
46. AghaKouchak, A., Nasrollahi, N., ‘Semi-parametric and parametric inference of extreme value models
for rainfall data’, Water Resources Management, 24 (2010), 1229–1249.
47. Liu, W., Kogan, F., ‘Monitoring regional drought using the vegetation condition index’. International

50

A. Kamali

Journal of Remote Sensing, 17 (1996), 2761–2782.
48. Liu, Z., Rui, H., Teng, W., Chiu, L., Leptoukh, G., Kempler, S., ‘Developing an online information
system prototype for global satellite precipitation algorithm validation and intercomparison’. Journal of
Applied Meteorology and Climatology, 48 (2009), 2581–2589.
49. Malevergne, Y., Sornette, D., ‘Testing the gaussian copula hypothesis for financial assets dependences’.
Quantitative Finance Volume, 3 (2003), 231-250.
50. Lall, U., Rajagopalan, B., Tarboton, D., ‘A nonparametric wet/dry spell model for resampling daily
precipitation’, Water Resources Research, 32 (1996), 2803-2823.
51. Mehran, A., AghaKouchak, A., ‘Capabilities of satellite precipitation datasets to estimate heavy
precipitation rates at diﬀerent temporal accumulations’, Hydrological Processes, 28 (2014), 2262-2270.
52. Mehran A., et al., ‘Evaluation of CMIP5 Continental Precipitation Simulations Relative to SatelliteBased Gauge-Adjusted Observations’, Journal of Geophysical Research, 119 (2014), 1695-1707.
53. Min, S.-K., Simonis, D., Hense, A., ‘Probabilistic climate change predictions applying Bayesian model
averaging’. Philosophical Transactions of the Royal Society A -Mathematical Physical and Engineering
Sciences, 365 (2007), 2103–2116.
54. Sklar, A., ‘Random variables, distribution functions, and copulas a personal look backward and forward,
distributions with fixed marginals and related topics’. ed. by L. Ruschendorﬀ, B. Schweizer, and M.D.
Taylor, Hayward, CA, Institute of Mathematical Statis, (1996) 1–14.
55. Smith, R., ‘Extreme value statistics in meteorology and environment’. Environmental Statistics, (2001).
300–357.
56. Sorooshian, S., et al., ‘Advanced concepts on remote sensing of precipitation at multiple scales’, Bulletin
of the American Meteorological Society, 92 (2011), 1353–1357.
57. Tian, Y., Peters-Lidard, C., Eylander, J., Joyce, R., Huﬀman, G., Adler, R., Hsu, K., Turk, F., Garcia,
M., Zeng, J., ‘Component analysis of errors in satellite-based precipitation estimates’, Journal of
Geophysical Research, 114 (2009).
58. Turk, F. J., Arkin, P., Ebert, E. E., Sapiano, M. R. P., ‘Evaluating high-resolution precipitation
products’, Bulletin of the American Meteorological Society, 89 (2008), 1911–1916.
59. Yilmaz, K., Hogue, T., Hsu, K., Sorooshian, S., Gupta, H., Wagener, T., ‘Intercomparison of rain gauge,
radar and satellite-based precipitation estimates with emphasis on hydrologic forecasting’, Journal of
Hydrometeorology, 6 (2005), 497517.
60. Zhang, X., Vincent, L., Hogg, W., Niitsoo, A., ‘Temperature and precipitation trends in canada during the
20th century’, Atmosphere-Ocean, 38 (2000), 395–429.
61. AghaKouchak, A., Nasrollahi, N., Li, J., Imam, B., Sorooshian, S., ‘Geometrical characterization of
precipitation patterns’, Journal of Hydrometeorology, 12 (2011), 274–285.
62. Joyce, R., Janowiak, J., Arkin, P., Xie, P., ‘CMORPH: A method that produces global precipitation
estimates from passive microwave and infrared data at high spatial and temporal resolution’, J.
Hydrometeorol., 5 (2004), 487 503.
63. Sapiano, M., Arkin, P., ‘An intercomparison and validation of high-resolution satellite precipitation
estimates with 3-hourly gauge data’, Journal of Hydrometeorology, 10 (2009), 149–166.
64. Schweizer, B., Thirty years of copulas. In: Advance in Probability Distributions with Given Marginals
(G. DallAglio, S. Kotz, and G. Salinetti, Eds.), Kluwer Academic, Dordrecht, 1991.
65. Stisen, S., Sandholt, I., ‘Evaluation of remote-sensing-based rainfall products through predictive
capability in hydrological runoﬀ modelling’, Hydrological Processes, 24 (2010), 879-891.
66. Zhou, T., Yu, R., Chen, H., Dai, A., Pan, Y., ‘Summer precipitation frequency, intensity, and diurnal
cycle over china: A comparison of satellite data with rain gauge observations’, Journal of Climate, 21
(2008), 3997–4010.
67. Zwiers, F. W., Kharin, V. V., ‘Changes in the extremes of the climate simulated by CCC GCM2 under
CO2 doubling’, Journal of Climate, 11 (1998), 2200–2222.

51

